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Abstract
In this paper, some formulae for Genoochi polynomials of higher order are derived
using the fact that sets of Bernoulli and Euler polynomials of higher order form basis
for the polynomial space.
1 Introduction
A variety of polynomials, their extensions, and variants, have been extensively investigated,
mainly due to their potential applications in diverse research areas. Motivated by their im-
portance and potential for applications in a variety of research fields, numerous polynomials
and their extensions have recently been introduced and investigated. One of these poly-
nomials is the Genocchi polynomials that have been extensively studied in many different
context in such branches of mathematics, for instance, in elementary number theory, com-
plex analytic number theory, calculus and many more. One application of this polynomial is
to study a matrix formulation and formulas obtained are used as check formulas of similar
formula in [4]. One paper of S. Araci in [5] deals with the applications of umbral calculus
on fermionic p-adic integral on Zp and from these, S. Araci derived some new identities on
Genocchi numbers and polynomials. Another paper that presents new numerical method
for solving fractional differential equations was based on Genocchi polynomials operational
1
matrix through collocation method in the paper of A. Isah and C. Phang (see [8]), these
polynomial properties are utilized to reduce the given problems to a system of algebraic equa-
tions. This also helps other researchers to do further researches for Genocchi polynomials
and Genocchi polynomials of order k for it has limited literature.
The history of Genocchi numbers can be tracked back to Italian mathematician Angelo
Genocchi (1817-1889). From Genocchi to the present time, Genocchi numbers have been
extensively studied in many different contexts in mathematics . Many studies and literature
provide relations of Genocchi numbers to Bernoulli and Euler numbers, especially Euler
numbers. Bernoulli, Euler and Genocchi numbers defined by exponential generating function
(see [1, 3, 4])
∞∑
n=0
Bn
tn
n!
=
t
et − 1
, |t| < 2pi (1)
∞∑
n=0
En
tn
n!
=
2
et + 1
, |t| < pi (2)
∞∑
n=0
Gn
tn
n!
=
2t
et + 1
, |t| < pi. (3)
The Bernoulli, Euler and Genocchi polynomials are defined via generating functions to be,
respectively,
∞∑
n=0
Bn(x)
tn
n!
=
t
et − 1
ext, |t| < 2pi (4)
∞∑
n=0
En(x)
tn
n!
=
2
et + 1
ext, |t| < pi (5)
∞∑
n=0
Gn(x)
tn
n!
=
2t
et + 1
ext, |t| < pi, (6)
where, when x = 0, Bn(0) = Bn, En(0) = En and Gn(0) = Gn. (see [3, 4, 7, 9]). Bernoulli
and Euler polynomials have been extensively studied by various researchers, one specific
paper from D.S. Kim and et al. [9], that deals with some formulae of the product of two
Bernoulli and Euler polynomials. This was then extended by Araci et al. [4] to Genocchi
polynomial.
It is known that the Bernoulli and Euler Polynomials of order k are defined respectively
by the generating function
∞∑
n=0
Bkn(x)
tn
n!
=
(
t
et − 1
)k
ext, |t| < 2pi (7)
∞∑
n=0
Ekn(x)
tn
n!
=
(
2
et + 1
)k
ext, |t| < pi. (8)
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In the special case, x = 0, Bkn(0) = B
k
n and E
k
n(0) = E
k
n are called the Bernoulli and Euler
numbers of order k, respectively. From (7) and (8), we have B0n(x) = x
n and E0n(x) = x
n. It
is then not difficult to show that (see [10, 12] ), for Bernoulli,
d
dx
Bkn(x) = nB
k
n−1(x)
and
Bkn(x+ 1)−B
k
n(x) = nB
k−1
n−1(x).
For Euler,
d
dx
Ekn(x) = nE
k
n−1(x)
and
Ekn(x+ 1) + E
k
n(x) = 2E
k−1
n−1(x).
In the paper of D.S. Kim and T. Kim [10, 12], they introduced
Pn = {p(x) ∈ Q[x] : deg p(x) ≤ n}
to be the (n + 1)-dimensional vector space over Q. Probably, {1, x, . . . , xn} is the most
natural basis for Pn but{
Bk0 (x), B
k
1 (x), . . . , B
k
n(x)
}
and
{
Ek0 (x), E
k
1 (x), . . . , E
k
n(x)
}
are also good bases for the space Pn , (see [10, 12]. Then p(x) can be expressed by
p(x) =
n∑
j=0
ajB
k
j (x)
and
p(x) =
n∑
j=0
bjE
k
j (x).
From this, D.S Kim and T. Kim develop some interesting identities of Bernoulli and Euler
Polynomials, (see [10, 12].
Araci et al. [3] introduced the Genocchi polynomial of higher order defined by the
relation,
∞∑
n=0
Gkn(x)
tn
n!
=
(
2t
et + 1
)k
ext, k ∈ Z+, |t| < pi. (9)
Note that when k = 1, (9) reduces to (6), hence G
(1)
n (x) = Gn(x). In a separate paper, Araci
et al. [4] established new formulae for Genocchi polynomials including Euler polynomials and
Bernoulli polynomials. These properties were derived from the basis of Genocchi which leads
Araci et al. [3] to obtain new identities and extended it to Bernoulli and Euler polynomials.
In this paper, new formulae of Genocchi polynomial of order k are established, which are
parallel to those in [4]. Furthermore, derived results are presented in terms of Bernoulli and
Euler polynomials especially the latter polynomial since Genocchi polynomials are closely
related to it.
3
2 Preliminary Results
In this section, some identities of Genocchi polynomials of higher order are obtained, which
are parallel to those of Bernoulli and Euler polynomials of higher order. Also, relationship
between Euler numbers of higher order and Genocchi numbers of higher order is obtained.
When x = 0, (9) becomes
∞∑
n=0
Gkn
tn
n!
=
(
2t
et + 1
)k
, (10)
where Gkn are called higher order Genocchi numbers. When k = 1, (10) reduces to (3).
Now, differentiating both sides of (9) gives
∞∑
n=0
d
dx
Gkn(x)
tn
n!
=
(
2t
et + 1
)k
text
=
∞∑
n=0
Gkn
tn+1
n!
=
∞∑
n=0
nGkn−1(x)
tn
n!
.
Hence,
d
dx
Gkn(x) = nG
k
n−1(x). (11)
Since the differentiation of Genocchi polynomial of higher order exists, it follows that it also
has integration, since it is commonly understood that differentiation and integration have
an inverse relationship. So from (11),∫
d
dx
Gkn(x) =
∫
nGkn−1(x),
which gives
Gkn(x) = n
∫
Gkn−1(x)
Gkn(x)
n
=
∫
Gkn−1(x).
Thus, ∫
Gkn(x) =
Gkn+1(x)
n + 1
.
That is, ∫ b
a
Gkn(x) =
Gkn+1(b)−G
k
n+1(a)
n+ 1
. (12)
The following lemma contains an expression of Gkn(x) as polynomial in x with Genocchi
numbers of higher order as the coefficients.
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Lemma 2.1. The Genocchi polynomials of higher order satisfy the following relation
Gkn(x) =
n∑
m=0
(
n
m
)
Gknx
n−m. (13)
Proof. Using equation (9),
∞∑
n=0
Gkn(x)
tn
n!
=
∞∑
n=0
Gkn
tn
n!
∞∑
n=0
(xt)n
n!
=
∞∑
n=0
{
n∑
m=0
(
n
m
)
Gkn−mx
n−m
}
tn
n!
.
Comparing the coefficients of t
n
n!
completes the proof of the lemma.
Lemma 2.2. The following relation holds
Gkn(x) = (−1)
n+kGkn(k − x) (14)
such that, when x = 1,
Gkn(1) = (−1)
n+kGkn(k − 1). (15)
Proof. By replacing x with k − x, equation (9) gives
∞∑
n=0
Gkn(k − x)
tn
n!
=
(
2t
et + 1
)k
ekte−xt.
Replacing t with −t yields
∞∑
n=0
(−1)nGkn(k − x)
tn
n!
=
(
−2t
e−t + 1
)k
e−ktext
= (−1)k
(
2t
et + 1
)k
ext
= (−1)k
∞∑
n=0
Gkn(x)
tn
n!
.
Comparing the coefficients of t
n
n!
gives (14).
Kim, et al. [9] introduced the set
{E0(x), E1(x), . . . , En(x)} and {B0(x), B1(x), . . . , Bn(x)}
as Euler and Bernoulli basis for the space of polynomials of degree less than or equal to n
with coefficients in Q, respectively. Since Bernoulli and Euler polynomials are closely related
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to Genocchi polynomials, the work in [9] was then extended to Genocchi polynomial by S.
Araci, et al. [4] who introduced
Pn = {p(x) ∈ Q[x] : deg p(x) ≤ n}
to be the (n+ 1)-dimensional vector space over Q and obtained
{G1(x), G2(x), . . . , Gn(x), Gn+1(x)}
as a good basis for space Pn. From this,{
Gkk(x), G
k
k+1(x), . . . , G
k
n+k−1(x), G
k
n+k(x)
}
is also a good basis for the space Pn as stated in the work of Araci, et al. [3].
If p(x) ∈ Pn, then p(x) can be expressed as a linear combination of the elements in{
Gkl
}n
l=0
. That is,
p(x) =
n+k∑
l=k
alG
k
l (x). (16)
Let us introduce the polynomial
p(x) =
n+k∑
l=k
Gkl (x)x
n+k−l. (17)
with n ∈ N, then taking the first derivative of (17)
p′(x) =
n+k∑
l=k
{Gkl (x)(n+ k − l)x
n+k−l−1 + lGkl−1(x)x
n+k−l}
=
n+k−1∑
l=k
(n+ k − l)Gkl (x)x
n+k−l−1 +
n+k∑
l=k
lGkl−1(x)x
n−l
=
n+k∑
l=k+1
(n+ k − (l − 1))Gkl−1(x)x
n+k−(l−1)−1 +
n+k∑
l=k+1
lGkl−1(x)x
n+k−l
+ kGkk−1(x)x
n−k.
Since Gkk−1(x) = 0,
p′(x) = (n + k + 1)
n+k∑
l=k+1
Gkl−1(x)x
n+k−l.
For the second derivative, one can easily verify that
p′′(x) = (n+ k + 1)(n+ k)
n+k∑
l=k+2
Gkl−2(x)x
n+k−l.
6
Continuing this process yields
p(j)(x) = (n+ k + 1)(n+ k) . . . (n+ k + 2− j)
n+k∑
l=k+j
Gkl−j(x)x
n+k−l.
The following lemma states formally this result.
Lemma 2.3. The jth derivative of the polynomial p(x) in (17) is given by
p(j)(x) =
(n+ k + 1)!
(n+ k + 1− j)!
n+k∑
l=k+j
Gkl−j(x)x
n+k−l.
3 Main Results
In the complex plane, wequation (9) can be written into the following:
∞∑
n=k
Gkn(z)
tn
n!
=
(
2
et + 1
)k
ezttk =
∞∑
n=0
Ekn(z)
tn+k
n!
=
∞∑
n=k
Ekn−k(z)
tn
(n− k)!
=
∞∑
n=k
n!Ekn−k(z)
(n− k)!
tn
n!
.
Comparing the coefficients of t
n
n!
yields
Gkn(z) =
n!
(n− k)!
Ekn−k(z). (18)
Consequently, this gives
Gkn+k(z) =
(n+ k)!
((n+ k)− k)!
Ek(n+k)−k(z)
=
(n+ k)!
n!
Ekn(z)
= (n+ k)(n+ k − 1)(n+ 1)Ekn(z)
= (n+ k)kE
k
n(z),
where (n+k)k = (n+k)(n+k−1) . . . (n+1) is called the falling factorial of n+k of degree
k. Note that, when z = 0,
Gkn+k(z)
(n+ k)k
= Ekn, (19)
and when z = k − 1,
Gkn+k(k − 1)
(n+ k)k
= Ekn(k − 1). (20)
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Theorem 3.1. The following identity holds
n+k∑
l=k
Gkl (x)x
n+k−l =
n∑
j=0
(
n+k+1
j
)
n+ k − j + 2
(
n+k∑
l=k+j−1
(−1)k+l−j+1Gkl−j+1(k − 1)−G
k
n+k−j+1
)
Bkj (x),
where Bkj (x) denotes Bernoulli polynomial of order k.
Proof. On account of the properties of Bernoulli basis for the space polynomials of degree
less than or equal to n with coefficients in Q, then p(x) in (17) can be written as follows:
(see [10])
p(x) =
n∑
j=0
ajB
k
j (x). (21)
Taking the first and second derivative
p′(x) =
n∑
j=1
ajjB
k
j−1(x) =
n∑
j=1
aj
j!
(j − 1)!
Bkj−1(x),
p′′(x) =
n∑
j=2
ajj(j − 1)B
k
j−2(x) =
n∑
j=2
aj
j!
(j − 2)!
Bkj−2(x).
Continuing in this manner yields
p(n−1)(x) =
n∑
j=n−1
aj
j!
(j − n+ 1)!
Bkj−n+1(x)
= an−1
(n− 1)!
((n− 1)− n+ 1)!
Bk(n−1)−n+1(x) + an
n!
(n− n+ 1)!
Bkn−n+1(x)
= an−1(n− 1)!B
k
0 (x) + ann!B
k
1 (x).
Replacing n with j gives
p(j−1)(x) = aj−1(j − 1)!B
k
0 (x) + ajj!B
k
1 (x).
Hence, with Bk0 (x) = 1 and B
k
1 (x) = x−
k
2
,
p(j−1)(1)− p(j−1)(0) = aj−1(j − 1)!B
k
0 (1) + ajj!B
k
1 (1)− [aj−1(j − 1)!B
k
0 (0) + ajj!B
k
1 (0)]
= ajj!
(
1−
k
2
)
− ajj!
(
0−
k
2
)
= ajj!.
Thus,
aj =
1
j!
[p(j−1)(1)− p(j−1)(0)]. (22)
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Using Lemma 2.3 and (15),
aj =
1
j!
(
(n+ k + 1)!
(n+ k + 1− j + 1)!
n+k∑
l=k+j−1
Gkl−j+1(1)1
n+k−l
−
(n+ k + 1)!
(n + k + 1− j + 1)!
n+k∑
l=k+j−1
Gkl−j+1(0)0
n+k−l
)
=
1
j!
(n + k + 1)!
(n + k − j + 2)!
(
n+k∑
l=k+j−1
Gkl−j+1(1)−G
k
n+k−j+1(0)
)
=
(
n+k+1
j
)
n + k − j + 2
(
n+k∑
l=k+j−1
(−1)k+l−j+1Gkl−j+1(k − 1)−G
k
n+k−j+1
)
.
Thus, (21) gives
p(x) =
n∑
j=0
(
n+k+1
j
)
n + k − j + 2
(
n+k∑
l=k+j−1
(−1)k+l−j+1Gkl−j+1(k − 1)−G
k
n+k−j+1
)
Bkj (x),
which is exactly the desired identity.
Corollary 3.2. The following equality holds:
n+k∑
l=k
Gkl (x)x
n+k−l =
n∑
j=0
(
n+k+1
j
)
n+ k − j + 2
( n+k∑
l=k+j−1
[
(−1)k+l−j+1(l − j + 1)kE
k
l−j+1−k(k − 1)
−(n+ k − j + 1)kE
k
n−j+1
])
Bkj (x),
Proof. Applying equations (19) and (20) immediately proves the corollary.
The identity in the next theorem is obtained by using the fact that the set of Euler
polynomials of higher order forms a basis for the space of polynomials Pn.
Theorem 3.3. The following identity holds
n+k∑
l=k
Gkl (x)x
n+k−l =
n∑
j=0
1
2
(
n+ k + 1
j
)( n+k∑
l=k+j
(−1)k+l−jGkl−j(k − 1) +G
k
n+k−j
)
Ekj (x),
where Ekj (x) denotes Euler polynomial of order k.
Proof. Expressing the polynomial p(x) as a linear combination of Euler polynomials of higher
order yields
p(x) =
n∑
j=0
bjE
k
j (x). (23)
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Taking the first and second derivative
p′(x) =
n∑
j=1
bjjE
k
j−1(x) =
n∑
j=1
bj
j!
(j − 1)!
Ekj−1(x)
p′′(x) =
n∑
j=2
bjj(j − 1)E
k
j−2(x) =
n∑
j=2
bj
j!
(j − 2)!
Ekj−2(x).
Continuing in this manner yields
p(n−1)(x) =
n∑
j=n−1
bj
j!
(j − n+ 1)!
Ekj−n+1(x)
p(n)(x) =
n∑
j=n
bj
j!
(j − n)!
Ekj−n(x)
= bnn!E
k
0 (x).
Replacing n with j gives
p(j)(x) = bjj!E
k
0 (x).
Hence, with Ek0 (x) = 1,
p(j)(1) + p(j)(0) = bjj![E
k
0 (1) + E
k
0 (0)] = bjj![1 + 1] = 2bjj!.
Thus,
bj =
1
2j!
[p(j)(1) + p(j)(0)]. (24)
Using Lemma 2.3 and (15),
bj =
1
2j!
(
(n+ k + 1)!
(n+ k + 1− j)!
n+k∑
l=k+j
Gkl−j(1)1
n+k−l
+
(n+ k + 1)!
(n+ k + 1− j)!
n+k∑
l=k+j
Gkl−j(0)0
n+k−l
)
=
1
2j!
(n + k + 1)!
(n+ k − j + 1)!
(
n+k∑
l=k+j
Gkl−j(1) +G
k
n+k−j(0)
)
=
1
2
(
n+ k + 1
j
)( n+k∑
l=k+j
(−1)k+l−jGkl−j(k − 1) +G
k
n+k−j
)
.
Thus, (21) gives
p(x) =
n∑
j=0
1
2
(
n + k + 1
j
)( n+k∑
l=k+j
(−1)k+l−jGkl−j(k − 1) +G
k
n+k−j
)
Ekj (x),
which is exactly the desired identity.
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The following corollary immediately follows from Theorem 3.3 using equations (19) and
(20).
Corollary 3.4. The following equality holds:
n+k∑
l=k
Gkl (x)x
n+k−l =
n∑
j=0
1
2
(
n + k + 1
j
)( n+k∑
l=k+j−1
[
(−1)k+l−j+1(l − j)kE
k
l−j−k(k − 1)
+(n + k − j)kE
k
n−j
])
Ekj (x).
Consider the following form of polynomial
p(x) =
n+k∑
l=k
1
l!(n + k − l)!
Gkl (x)x
n+k−l. (25)
Then, applying the first derivative gives
p′(x) =
n+k∑
l=k
1
l!(n+ k − l)!
[
Gkl (x)(n + k − l)x
n+k−l−1 + lGkl−1(x)x
n+k−l
]
=
n+k−1∑
l=k
1
l!(n + k − l)!
Gkl (x)(n+ k − l)x
n+k−l−1
+
n+k∑
l=k
1
l!(n + k − l)!
lGkl−1(x)x
n+k−l
=
n+k∑
l=k+1
1
(l − 1)!(n+ k − l + 1)!
Gkl−1(x)(n + k − l + 1)x
n+k−l
+
n+k∑
l=k+1
1
l!(n + k − l)!
lGkl−1(x)x
n+k−l
=
n+k∑
l=k+1
1
(l − 1)!(n+ k − l)!
Gkl−1(x)x
n+k−l
+
n+k∑
l=k+1
1
(l − 1)!(n+ k − l)!
Gkl−1(x)x
n+k−l
= 2
n+k∑
l=k+1
1
(l − 1)!(n+ k − l)!
Gkl−1(x)x
n+k−l.
Applying the same process gives the following second and third derivative of the polynomial
p′′(x) = 22
n+k∑
l=k+2
1
(l − 2)!(n+ k − l)!
Gkl−2(x)x
n+k−l,
p′′′(x) = 23
n+k∑
l=k+3
1
(l − 3)!(n+ k − l)!
Gkl−3(x)x
n+k−l.
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Thus, by induction, the following lemma is proved.
Lemma 3.5. The jth derivative of polynomial p(x) in (25) is given by
p(j)(x) = 2j
n+k∑
l=k+j
1
(l − j)!(n+ k − l)!
Gkl−j(x)x
n+k−l. (26)
Theorem 3.6. The following relation holds:
n+k∑
l=k
1
l!(n + k − l)!
Gkl (x)x
n+k−l =
n+k∑
j=k
2j−k−1
j!
(
n+k∑
l=j
(−1)l−jGkl+k−j(k − 1)
(l + k − j)!(n+ k − l)!
+
Gkn+2k−j
(n+ 2k − j)!
)
.
Proof. Using the fact that the set of Genocchi polynomials of higher order forms a basis for
the space of polynomials Pn,
p(x) =
n+k∑
l=k
clG
k
l (x). (27)
Applying the first derivative yields
p′(x) =
n+k∑
l=k
cllG
k
l−1(x) =
n+k∑
l=k+1
cl
l!
(l − 1)!
Gkl−1(x),
p′′(x) =
n+k∑
l=k+1
cl
l!
(l − 1)!
(l − 1)Gkl−2(x) =
n+k∑
l=k+2
cl
l!
(l − 2)!
Gkl−2(x),
p′′′(x) =
n+k∑
l=k+2
cl
l!
(l − 2)!
(l − 2)Gkl−3(x) =
n+k∑
l=k+3
cl
l!
(l − 3)!
Gkl−3(x),
...
p(n)(x) =
n+k∑
l=k+n
cl
l!
(l − n)!
Gkl−n(x)
= cn+k
(n+ k)!
((n+ k)− n)!
Gk(n+k)−n(x)
= cn+k
(n+ k)!
k!
Gkk(x).
From equation (18),
Gkk(x) = k!E
k
0 (x) and G
k
k+1(x) = (k + 1)!E
k
1 (x).
Thus,
p(n)(x) = cn+k
(n + k)!
k!
k!Ek0 (x) = cn+k(n+ k)!E
k
0 (x).
Replacing n with j − k yields
p(j−k)(x) = cjj!E
k
0 (x).
12
Then, we have
p(j−k)(0) + p(j−k)(1) = cjj![E
k
0 (0) + E
k
0 (1)]
= cjj![1 + 1] = 2cjj!
Thus,
cj =
1
2j!
[p(j−k)(1) + p(j−k)(0)]
=
1
2j!
(
2j−k
n+k∑
l=j
1
(l − (j − k))!(n+ k − l)!
Gkl−(j−k)(1)1
n+k−l
+2j−k
n+k∑
l=j
1
(l − (j − k))!(n + k − l)!
Gkl−(j−k)(0)0
n+k−l
)
=
1
2j!
(
2j−k
n+k∑
l=j
1
(l + k − j)!(n+ k − l)!
Gkl+k−j(1)
+2j−k
1
((n+ k) + k − j)!(n+ k − (n+ k))!
Gk(n+k)+k−j
)
=
1
2j!
(
2j−k
n+k∑
l=j
1
(l + k − j)!(n+ k − l)!
(−1)l+2k−jGkl+k−j(k − 1)
+2j−k
1
(n+ 2k − j)!
Gkn+2k−j
)
.
Substituting this to equation (27) yields
p(x) =
n+k∑
j=k
2j−k−1
j!
(
n+k∑
l=j
(−1)l−jGkl+k−j(k − 1)
(l + k − j)!(n+ k − l)!
+
Gkn+2k−j
(n + 2k − j)!
)
.
Using the fact that the set of Bernoulli polynomials of higher order forms a basis for the
space of polynomials Pn, the following theorem is established.
Theorem 3.7. The following relation holds:
n+k∑
l=k
Gkl (x)
l!(n + k − l)!
xn+k−l =
n+k∑
j=k
2j−1
j!
(
n+k∑
l=k+j−1
(−1)l−j+1+kGkl−j+1(k − 1)B
k
j (x)
(l − j + 1)!(n+ k − l)!
−
Gkn+k−j+1B
k
j (x)
(n + k − j + 1)!
)
.
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Proof. Write p(x) as linear combination of Bernoulli polynomials of higher order as follows:
p(x) =
n+k∑
l=k
alB
k
l (x). (28)
Now, using equation (22) and Lemma 3.5,
aj =
1
j!
[p(j−1)(1)− p(j−1)(0)]
=
1
j!
(
2j−1
n+k∑
l=k+j−1
Gkl−j+1(1)1
n+k−l
(l − j + 1)!(n + k − l)!
− 2j−1
n+k∑
l=k+j−1
Gkl−j+1(0)0
n+k−l
(l − j + 1)!(n+ k − l)!
)
=
2j−1
j!
(
n+k∑
l=k+j−1
(−1)l−j+1+kGkl−j+1(k − 1)
(l − j + 1)!(n+ k − l)!
−
Gkn+k−j+1
(n + k − j + 1)!(n + k − (n + k))!
)
.
Hence, equation (29) can be written as
p(x) =
n+k∑
j=k
2j−1
j!
(
n+k∑
l=k+j−1
(−1)l−j+1+kGkl−j+1(k − 1)
(l − j + 1)!(n+ k − l)!
−
Gkn+k−j+1
(n+ k − j + 1)!
)
Bkj (x),
which is exactly the identity in the theorem.
The following corollary is an immediate consequence of Theorem 3.9.
Corollary 3.8. The following equality holds:
n+k∑
l=k
Gkl (x)
l!(n+ k − l)!
xn+k−l =
n+k∑
j=k
2j−1
j!
( n+k∑
l=k+j−1
(−1)l−j+1+k(l − j + 1)kE
k
l−j+1−k(k − 1)B
k
j (x)
(l − j + 1)!(n+ k − l)!
−
(n+ k − j + 1)kE
k
n−j+1B
k
j (x)
(n+ k − j + 1)!
)
.
Using the fact that the set of Euler polynomials of higher order forms a basis for the
space of polynomials Pn, the following theorem is proved.
Theorem 3.9. The following relation holds:
n+k∑
l=k
Gkl (x)
l!(n + k − l)!
xn+k−l ==
n+k∑
j=k
2j−1
j!
(
n+k∑
l=k+j
(−1)l−j+kGkl−j(k − 1)
(l − j)!(n + k − l)!
−
Gkn+k−j
(n+ k − j)!
)
Ekj (x)
Proof. Write p(x) as linear combination of Bernoulli polynomials of higher order as follows:
p(x) =
n+k∑
l=k
blE
k
l (x). (29)
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Now, using equation (24) and Lemma 3.5,
bj = bj =
1
2j!
[p(j)(1) + p(j)(0)]
=
1
2j!
(
2j
n+k∑
l=k+j
Gkl−j(1)1
n+k−l
(l − j)!(n + k − l)!
+ 2j
n+k∑
l=k+j
Gkl−j(0)0
n+k−l
(l − j)!(n+ k − l)!
)
=
1
2j!
(
2j
n+k∑
l=k+j
Gkl−j(1)
(l − j)!(n + k − l)!
+ 2j
Gkn+k−j
(n+ k − j)!
)
.
Hence, equation (29) can be written as
p(x) =
n+k∑
j=k
2j−1
j!
(
n+k∑
l=k+j
(−1)l−j+kGkl−j(k − 1)
(l − j)!(n+ k − l)!
−
Gkn+k−j
(n+ k − j)!
)
Ekj (x),
which is exactly the identity in the theorem.
The following corollary is an immediate consequence of Theorem 3.9.
Corollary 3.10. The following equality holds:
n+k∑
l=k
Gkl (x)
l!(n+ k − l)!
xn+k−l =
n+k∑
j=k
2j−1
j!
( n+k∑
l=k+j−1
(−1)l−j+1+k(l − j)kE
k
l−j−k(k − 1)E
k
j (x)
(l − j)!(n+ k − l)!
−
(n + k − j)kE
k
n−jE
k
j (x)
(n + k − j)!
)
.
4 Conclusion and Recommendation
In this paper, the Bernoulli, Euler and Genocchi basis were used to derive some identities of
Genocchi polynomials of higher order. Also, the results were presented in terms of Bernoulli
and Euler polynomials since these polynomials are closely related to Genocchi polynomials.
For further studies, the following are recommended by the authors: (1) To obtain some
identities of Genocchi Polynomials of complex order k; (2) To generalize the results, par-
allel to this paper, for Apostol Genocchi Polynomials and higher order Apostol Genocchi
Polynomials.
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